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The time history is examined of the motion of a compound multiphase drop formed
by a vapour bubble completely covered by its liquid phase in another immiscible
liquid. The compound drop is growing or collapsing owing to change of phase while
it is translating under buoyant forces. In the limit of large surface-tension forces the
interfaces are spherical. An exact analytical solution for the fluid-mechanical part
of the problem can be obtained. The heat-transfer treatment of the problem, however,
requires numerical solution if we are to include convective terms along with time
dependence. The drag component induced by radial velocity contributes to the total
drag on the bubble in eccentric configuration. This drag force is towards the centre
of the drop in the case of growth and has an effect of restoring concentricity. However,
it is found that, in the case of growth, the compound drop, in general, cannot maintain
its configuration of two non-intersecting eccentric spheres. On the other hand, in the
case of collapse the bubble stays inside the drop if the collapse velocity is high enough.
The complete analysis exhibits some interesting flow patterns relating to compound
drops and bubbles. The time-dependent Nusselt number for a single bubble generally
decreases with time but it may have a strong dependence on the compound-drop
configuration, as well as the conductivities of the participating liquids. The radial
convection opposes heat transfer but it has to compete with translatory convection,
which is usually overwhelming in the case of growth.

1. Introduction

The study of the motion of spheres in fluids goes back as far as 1851 when Stokes
first investigated the creeping motion of a solid sphere. Recently, there has been an
interest in somewhat more complicated problems involving drops composed of two
fluid spheres forming compound multiphase drops. We encounter such drops in
processes such as direct-contact heat exchange, liquid-membrane technology and
melting of ice particles. For the case of direct-contact heat exchange, one fluid is
passed through another immiscible one at a different temperature. If a change of
phase is allowed in the process one obtains compound drops involving three fluids.

In our earlier work (Sadhal & Oguz 1985) we investigated the motion of compound
drops purely from a fluid-mechanics point of view. Also an extensive review of the
fluid mechanics of compound drops and bubbles has been recently given by Johnson
& Sadhal (1985). In the present study we focus our attention on compound drops
undergoing growth or collapse due to change of phase in immiscible liquids. In general
the motion consists of radial growth or collapse as well as translation. The
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growth/collapse introduces some interesting fluid-mechanical as well as mathemat-
ical aspects to the problem. The incorporation of change of phase requires the
treatment of heat transfer along with the fluid mechanics in a coupled fashion. There
is a great deal of interest in such drops in the field of direct-contact heat transfer
because of the high efficiency achieved by eliminating the resistance between two
phases. Sideman & Taitel (1964), Sideman & Hirsch (1965) and Isenberg & Sideman
(1970) investigated the heat-transfer characteristics of evaporation and condensation
of immiscible drops and bubbles from a heat-transfer point of view. Hayakawa &
Shigeta (1974), Selecki & Gradon (1976), Tochitani, Mori & Komotori (1977a) and
Tochitani e al. (1977b) have reported their work on the motion of two-phase droplets
and on the fluid mechanics associated with it. In a recent investigation Lerner &
Letan (1985) examined the condensation problem for cases when there is a thin
condensate film. Jacobs & Major (1982) studied the collapse of compound drops
taking into consideration the heat and mass transfer in the gas phase. Over the past
few decades, there have been extensive investigations of two-fluid systems with
change of phase. However much of this has been reviewed elsewhere (see e.g. Plesset
& Prosperetti 1977 ; Prosperetti & Plesset 1978) and we shall not discuss it here. Our
discussion is limited to three-fluid systems.

Most of the published works in the area are either experimental or concerned with
only the heat-transfer aspects of the problem. The flow field is often approximated
and little rigorous discussion about it can be found in the literature. It is the intent
of this paper to provide fundamental understanding of the fluid mechanics coupled
with the heat transfer for a class of two-phase droplets with change of phase. Although
the configuration we are dealing with is somewhat limited, it is a starting point for
more complex problems. The present work covers the configuration of two fluid
droplets with one phase completely engulfing the other one. This configuration can
be treated analytically with the use of the bipolar coordinate system. This coordinate
system was invented by Jeffery (1912) and has been used by several authors for
problems in fluid mechanics as well as in heat transfer. Among the well-known
publications in this regard are the Stokes flow solutions given by O’Neill (1964), Goren
& O’Neill (1971), Rushton & Davies (1973, 1978), Haber, Hetsroni & Solan (1973)
and Meyyappan, Wilcox & Subramanian (1981). A numerical solution in the bipolar
coordinate system for heat transfer and fluid mechanics of melting ice particles was
given by Rasmussen, Levizzani & Pruppacher (1982). This was the case of a solid
ice sphere coated with a water film. The outer surface of the film had a specified
sin f-type approximation for the tangential velocity. Since the change of phase for
this case was only from solid to liquid, the radial velocity effects were absent.

In the next section we state the problem. For the fluid-mechanics part of the
problem we consider creeping flow and derive its analytical solution. The heat transfer
is coupled with the flow field and the energy equation is solved by finite-difference
methods.

2. Analysis
2.1. Statement of the problem

We consider a liquid drop in an immiscible unbounded fluid at uniform temperature.
Inside the drop there is a bubble growing or collapsing owing to the slow evaporation
or condensation of the drop (see figure 1). The vapour bubble lies entirely inside the
drop and its growth or collapse is slow. Driven by buoyant forces as well as the viscous
forces the bubble in general translates relative to the drop along their line of centres.
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FicURE 1. Schematic of the flow past a compound multiphase drop. The uniform stream has a
velocity U relative to the outer spherical interface which is fixed in the coordinate system. The
inner spherical interface moves at a velocity V relative to the outer interface. In addition the
inner and the outer interfaces have a radial velocity V& and V® respectively.

We neglect the inertial terms and consider only Stokes flow. Since the bubble size
changes slowly the problem is quasi-steady in terms of the fluid mechanics. Under
the Stokes flow approximation we may consider the translational velocities as well
as the flow field to be instantaneous, i.e. viscous diffusion does not participate in the
time dependence. We choose to denote the velocity of the compound drop as U and
the relative velocity of the bubble with respect to the drop as V. The translational
velocities U and V are unknown and to be determined from the total force balance
equations. We refer to the continuous phase as fluid 2, the drop as fluid 3 and the
vapour bubble as fluid 1. We also assume that surface tension at both the interfaces
is large enough to preserve the sphericity of the bubble and the drop. The interfaces
are considered to be free of surfactants and the interfacial tension is therefore
uniform.

The governing equations are as follows:

continuity:

Veu, =0 (i =2,3),
momentum:
Vp; = 1;V?u; (i = 2,3 (no sum)),

where i = 2,3 is used to denote the quantities in phases 2 and 3, respectively; p, are
the pressures, u, the viscosities and u; the velocities. The boundary /interface conditions
are:
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(i) uniform stream U at infinity;

ii) prescribed normal velocity V? at the outer interface;

ii) continuity of tangential velocity at the outer interface;

v) continuity of shear stress at the outer interface;

v) prescribed normal velocity V¢V at the inner interface;

(vi) zero shear stress at the inner interface.

Here the normal velocity V() is prescribed as an unknown constant which will be
determined by the growth/collapse rate given by the heat-transfer rate. The normal
velocity V® is related to V(¥ by a volume constraint on phase 3.

For the heat-transfer part we consider the conduction/convection problem de-
scribed below. Its solution will give the radial velocity V" which is necessary to fully
define the flow field. We also note that the heat-transfer is coupled to the flow through
the convective terms. The governing equations for this problem are as follows:

energy balance

(
i
i
(

(€pP)s (%'*"t'vq}) =k, VT, (i =2,3(no sum)),

where (c,p); is the heat capacity, T, the temperature, k; the conductivity of the
respective fluids and ¢ is the time.

The boundary /interface conditions are:

(i) uniform temperature 7, at infinity;
(ii) continuity of temperature at the outer interface;
(iii) continuity of heat flow at the outer interface;
(vi) constant temperature T, at the inner interface (here 7, is the saturation or
equilibrium temperature of the vapour (fluid 3)).
For brevity, these equations are written in mathematical notation only after the
introduction of the stream functions for the velocity field.

We further make the assumption of small capillary number. At both the interfaces
the surface tension dominates the viscous forces. This implies that, at any time, the
bubble and the drop preserve their spherical shape. Therefore the size change of
the bubble due to the phase change can only create a uniform normal velocity at
the bubble—drop interface. An energy balance on the inner sphere surface gives the
relation between the normal velocity V(" and the temperature field as

p1 L, ViV =%JA ky VT ny,dA4, (1)

where A is the bubble surface area, p, is the density of the bubble, L, is the latent
heat of vaporization of the drop and n,, is the outward unit vector at the inner
interface.

Since we are considering incompressible fluids, the relation between the normal
velocities V(Y and V{® is obtained from the conservation of mass equation. Neglecting
evaporation losses or condensation gains of the liquid phase, we write

VIO Riy = VP RS, (2)

where we make use of the small-capillary-number approximation and consider the
normal velocity Vi at the 2-3 interface to be uniform. With the above boundary
and interface conditions the problem is fully defined. An analytical solution to the
fluid-mechanics part can be found. As far as the heat transfer is concerned, a fully
analytical solution does not seem possible even for the case of pure conduction. But
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a semi-analytical solution can be found. A fully numerical solution is required when
the convective terms are included. Since the problem involves two eccentric
non-intersecting spheres the bipolar coordinate system is a natural choice.

2.2. The bipolar coordinate system

Introduced by Jeffery (1912), the bipolar coordinate system (£,7) is related to
cylindrical coordinate system as follows:

_ csinh§ e csinyg
" coshf—cosy’  coshf—cosy’

(3)

where c is the half-distance between the points identified by £ >+ oo and £ >— o0 and
constant values of £ identify non-intersecting eccentric spheres. The 1-3 interface is
represented by £ = £,, and the 2-3 interface by £ = £,;. The radii of the interfaces
are given by ¢

c
137 ginh £, B = sinh &, (_4)
The distance between the centres of the eccentric spheres is
d = Ry, [cosh§,;— R cosh £,,], (5)

where R = R,,/R,,. We can express §,, and £,, in terms of non-dimensional geometric
parameters R and (d/R,,;) as follows:

L= /)] .

b = ok | S
1-R*+ (d/Rza)z]
2(d/Ry,) '
All possible cases may be covered by changing the values of R and (d/R,;) or £, and

£,5. The eccentricity is defined as a number between 0 and 1 instead of (d/R,,) and
it is given by . d

e=——+. (8
st_Rla )

£os = cosh"[ (7)

Now we cast the problem in terms of Stokes stream functions. In the bipolar
coordinate system velocities are related to stream functions in the following form:

(cosh£—cosy)2[Qy® Y] |
[uf?, uP] = c?siny [ o~ O :I (6=23). ®)

With the above representation the continuity equations are identically satisfied.
Momentum equations can be satisfied by

L2, (y®) =0, (10)

where L_, is the axisymmetric Stokes operator in the bipolar coordinate system. The
boundary/interface conditions may now be expressed in terms of stream functions as

sin?y

(2) — 12 ® - 7 00
Yl 50 = $UC (cosh Z—cos )"’ (11)
oyt oY siny
= 4 i V(2) c? , 12
0 leeg,, M leeg,, " 7 (cosh §,; — cos 9)? (12)




110 H. N.Ojuz and S. 8. Sadhal

) oy
=ar ’ (13)
¢ E=£2 o€ £=E2a
12 Y eogyy = s T g—g,e (14)
@ =1y sin? 9
VPleag, =2V (cosh §,;,— cos )2’ (15)
oyt (1) 2 siny
= 1
Y(Wa))|g=g,3 =0. (17)
h
e Y= l{i[(cosh §—cosq)3]i_i[(cosh§—cos 7])3]2}
A siny op 0f siny 08}’

Next, we express the heat-transfer part of the problem in the bipolar coordinate
system. Since numerical solution necessitates non-dimensionalization the tempera-
tures are expressed as follows:

_ Tz—Tv

@2_Tv_Too, (18)
— ﬂl_ Tv
@3—TV_TOO. (19)
The energy equations and the boundary/interface conditions are
R
V20, = Pe,(cosh £—cos 7) (R—E:) sinh £,,
00, (R,,/RY,)sinh§ aT]
o1 [ Pttt 1 23/ +Y23 23~14
X[ué '3 t o t coshf{—cosy ot*]’ (20)

where

Ve (coshg—cosn)a[i( siny 3)4_2( sin 7 2)] 21
- sin 7 On\cosh{—cosndy/ 0f\cosh&—cosydf/] (21)

The Péclet numbers Pe, and the dimensionless time ¢* are defined as

Ve 2
Pe, = ref 23 , 29
¢ ki/(cp p)t ( )
tRY
® — t23 23
tr =32, (23)

ref

where superscript 0 denotes the initial conditions and V. is a reference velocity that
will be defined later. The boundary and interface conditions are

@2I5,,,__0= -1, (24)
@2l§=€za = 93'5=§za’ (25)

() 00
k=2 =k,—2 , 26
: ag E=Ea : ag £=£ ( )

03|£=§u = 0. (27)
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The relation between the radial velocity V¥ and the dimensionless temperature
distribution @, is given by
sinh?§ k(T —T,) (06, sin g

Yo = st T L S
T 2p,Lyc o OF cosh§,,—cosy

dp. (28)

2.3. Solution
2.3.1. Fluid mechanics

The general solution to L2, (¢¥) = 0 is given by Stimson & Jeffery (1926) in the
following form:
YOE 1) = (cosh £ —cos ) EEP(E) O, (cosy). (29)

Here (3, (cos7) is the Gegenbauer polynomial of order (n+ 1) and degree —1 and
EH(E) = A3 cosh (n—1}) £+ B3 sinh (n—}) €
+C*D cosh (n+32) £+ DD sinh (n+3)§, (30)

where AX® BX® C*® D*® represent integration constants.

Stimson & Jeffery did not specify the lower limit of the summation in the general
series solution. Many other investigators have assumed it to be zero. However, we
checked the validity of series and found after some tedious algebra that, in general,
it should start from —1, especially if there is growth or collapse. But a close

examination reveals that the two leading terms (» = —1,0) each introduce a line
source along the z-axis in the solution, in that
)
o #* 0. (31)
ag 7=0,m

Nevertheless, a suitable relationship between them eliminates the problem and leaves
only a point source as required for a growing bubble. The proper general solution can
be written as ©
YO (E,7) = (coshE—cosy) ™t T EP(E)Crh, (cosy), (32)
n=-—1

where
Et (£) = A*P[cosh (—3£)+ 3 cosh 1]+ B*)[ —sinh (—#£) — 3 sinh §£],
Zi(E) = A*D[cosh £+ 3 cosh (—1£)]— B*®[sinh 3£ + 3 sinh (—1£)],

and EP() for n = 1,2, ... is given by (30). Here 4*® and B*® are integration
constants.

At this point it should be recognized that the complete solution should be a linear
combination of solutions proportional to the velocities U, V and V{ so that the
stream functions ¥ can be broken into three parts as follows:

YD = Uty + Ve + Ve ). (33)

By letting the viscosity of fluid 1 go to zero in the three-fluid solution given by Sadhal
& Oguz (1985), Y{? and y{P can be obtained. For the present case we take advantage
of the simplifications resulting from the zero-shear-stress condition at § = £,.
Consequently, the integration constants are not as complex as the three-fluid solution
and are given in the Appendices A and B. For the solution involving radial velocities
we first redefine the interface conditions (12) and (16) by integrating with respect to
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cos7. This is done to avoid derivatives of ™ in the boundary conditions. The
integration gives y@/pw
¢92|§=523 = ¢$l|§=§zs == y _"
(cosh £,,—cosy)

1
(cosh §,; —cosy)

B, (34)

'ﬁ(v§2|5=gla = 4’ (35)
where A" and B’ are integration constants. Since these constants resulted from the
integration of the boundary condition, their values can be obtained by satisfying
these conditions at the suitable points (3 = 0, ©) on each boundary. As a result we
get

V;z) / V$1)

*(2) — *(3) — 1 [ T 4
24/24 24/24 cosh £, 1 + B, (36)
24/2B*® =2 B*® —Vg)/ Vil) B’
VB = 23/2BKO = — LTt B (37)
1
*Q@) — 000 ’
2424 wosh §13+1+A s (38)
1
*(8) — - 4
2+/2B o E s A (39)

For six unknowns we have six equations and an additional boundary condition
for the proper behaviour of ‘¥ as £—>—co0. This condition is met by having
A*?) = _ B*(2)

Here we can confirm that V{® and V{ cannot be arbitrary. By solving the above
equations with V{® = B2V the constants are found to be

, _coshf, , _ cosh§,,
~ sinh?gy’ "~ sinh?g,,’ (40)
1
*x(2) — _ R¥(2) — 4*() — _R*Q) —
A B A B SvZsnhi Ly’ (41)

Now we apply the usual procedure of satisfying boundary and interface conditions
by expressing them in terms of series and matching them term by term. The boundary
and interface conditions become

B3¢ <0 asf->—oo0, (42)
R? 3B [e (" Dés e (n+) 523]
=2) = =) = e (n+D&y,__ — , 4
n (gza) n (gzs) \/2 € 4\/2[ n_lz' n+;21 ( 3)
=2) ""(3)
e 4% )
dg §=§zs £= 523
ts YELER(E), B2, B'Ye_g,, = s YAED(E), R?, B}, (45)
1 34’ e_("_’z') €23 e_(""“}) Eza]
:13) = ——_— _("’+é) 523_ -_

Yg{‘iﬁi)(g)’ I:A/}§=€n = Oa (47)
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where
d2
Y, 7.0 = "L+ = (n+ 1O

3V
- e (nDE_(pn—1) e (n+DE
@t ) g (et e (n— D]
3C
T 44/2
The above conditions should be satisfied forn = —1,0,1,2, ... . But we have already

calculated the integration constants for the first two terms. A little algebra shows
that previously found constants actually satisfy all the above boundary/interface

= _[etn bl (D E]}

conditions for » = —1, 0. Now we need to find the rest of the integration constants.
We choose following special forms for Z¥ (§) (» > 1) which satisfy (42), (43) and (46):
E'f)(g) - An[e(n—é) (5—523)_e(ﬂ+§) (5_523)] + Bﬂ e(n_é) (5—5“)’ (48)
28 =C l: sinh (n—}) (E—£,) _ sinh (n+3) (—£,5) ]
" " Lsinh (n—3) (£ — §,3) sinh(n+3) (gla_gza)
[ sinh (n—1) (§,,—£)  sinh(n+})(£,;—§) ]
sinh (n—1) (§,3—£35) sinh(n+3}) (£,5—&ss)
sinh (n—1) (§—&,,) sinh (n—1}) (§;3—§)
+B, — , 49
i (11 E— B P Sinh (0] € B )
R? 3B [e~(mDés o (n+désn
=_ " o (n+h &, __ -
where B, \/2e 4\/2[ - n+d ],
E, = ——L o-tpe, 34 [e—W-é) b oD Eu]
n V2 421 n—% n+3

We can obtain (', by satisfying (47) and the use of (44) and (45) gives 4, and D,,.

The solution obtained from the above procedure is added to the solutions
proportional to U and V. At this point we have to specify U, V and V¥ to have a
complete solution. The translational velocities U and V will be obtained from the
viscous force balance equations whereas the radial bubble velocity V(! requires the
solution of the heat-transfer problem.

2.3.2. Heat transfer

Since we include convective terms in the problem it is obvious that a fully
analytical solution is not possible. Even in the case of pure conduction we could not
find an exact analytical solution because of the difficulty in satisfying the continuity
of heat flow condition at the 2-3 interface. We, nevertheless, attack the conduction
problem so as to use the solution for comparison with the convection diffusion
problem.

In the limiting case of small Péclet number the problem reduces to the solution of
Laplace’s equation in the bipolar coordinate system. The general solution is given by

6, = (2 cosh£—2 cos )t E X&) P,(cos 7), (50)
n=0

where P,(cos7) is the Legendre polynomial of order n and
XO(&) = at® cosh (n+1) £+ b2 sinh (n+1) &. (51)
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FiGURE 2. Variation of Nusselt number with eccentricity for conductivity ratio: (a) ky/k, = 0.2,
(b) 5; radius ratio R = 0.5: , eccentric; ——— concentric.

We select following special forms of @; which satisfy (24), (25), (27):

6, = —1+(2 cosh £—2 cos )} ;‘, X® (&) P,(cosn) (52)
and O, = (2 cosh£—2 cos)t T X(“)(g) P, (cosy). (53)
n=0

With the use of the identity

1 o)
= Y e ("*DEP (cos
(2 coshf—2 cosq)t .oy n(COST)
we obtain X?¢) =a, e(nH) E—£y) 4 o(nHh) (E—265)
inh (n+1) (§;3—£)
and XONE) =a [ sin 2) (§15 ]
w () " Lsinh (n+3}) (£;3— £2)

The continuity of heat flow condition (26) cannot be satisfied term by term. To

find the constants a, we have to use numerical means. A little algebra leads to the
following equation:

OZO‘, {(%:— l> sinh &,, — (cosh §,,—cos ) (2n+ 1)

ky/ky _ +/2sinh§
[tanh n+i (gw_gza) ]}anPn(COSﬂ) = (coshgzs—cozgﬂ)%' (54)
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Fioure 3. Streamlines for a uniform velocity of U = 1, a radial velocity of V¥ = 0.1 and a
relative velocity of V =0, with R = 0.5, ¢ = 0.5 and p3/u, = 0.8.

The above condition must be met for all a,. We choose to use the collocation
method to calculate the a,,. This method was found to be reasonably easy to apply
to this problem. The equation is written at the roots of the Legendre polynomial
P,(cos ) giving N linear equations in the a,,. The number N denotes the highest order
of Py used in the series to approximate the temperature field. The value of N depends
on the eccentricity and the conductivity ratio (k,/k,) for the desired accuracy. For
our calculations, we require 10 < N < 40.

Using (28) in terms of coefficients @, we can calculate the total heat flow which
yields the normal velocity V",

_ ©
V@ = sinh?g,, ky(T,—Ty) a

T e (MHDln— n ) 55
prlge o, sinh (n+1) (§;5—£,3) (63)
The total heat flow is
© a
= dmnck(T,—T. e (D b 7 , 56
¢ sty 00)nz-:o : sinh (n+1) (§,5—£,3) (56)

which may be non-dimensionalized by defining the Nusselt number Nu as follows:

QR4
ky(Ty—Too) A°

For the pure-conduction case, Nu is plotted as a function of eccentricity in figure
2(a,b). For case (a), with k,/k, = 0.2 < 1, we see an increase in Nu with increasing
eccentricity. This is because the thinner region of the film plays the dominant role
in determining the resistance. For case (b) we have k,/k, = 5 > 1. Here the Nusselt
number decreases gently with increasing eccentricity. The effect of eccentricity is
rather weak because of the high conductivity in phase 3.

The finite-difference formulation of the problem is not as straightforward, as one
might think, because of the complexity and non uniformity of the grid in a bipolar
coordinate system. The formulation must be suitable for all possible cases. For this
reason we used the spherical coordinate system for region 2 and the bipolar coordinate
system for region 3. Since the matching is done at the 2-3 interface the origin for
the spherical system is taken at the centre of the outer sphere. To obtain uniform

grid spacing in the y-direction, we first take a £,,, which corresponds to an average
radius R

Nu= (57)

avg : c
Ra.vg

= =1
Sinh gavg 2(R23 + Rl3)'
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Equally spaced points on the arc identified by § = £,,, are taken to obtain discrete
7-values which are then matched with discrete 6-values at the 2-3 interface. We used
equally spaced points in the £- and the radial directions.

Another major difficalty is to take into account the continuously changing
geometry. It is very difficult to estimate the time derivative because the configuration
of the grid is not the same as it is at the previous time step. For this reason we
formulate the problem in a special way. Instead of using grids fixed in space we used
infinitesimal volumes moving due to the changing configuration. For each volume
cell we write the integral form of the heat equation which involves the time derivative
of the heat capacity of the cell and the net heat flow across the cell surfaces. At a given
time the total heat flow across a surface is given by the sum of the conductive and
convective terms. The convective velocities at the surface are obtained by simply
adding the velocity of the flow field to the velocity of the cell surface induced by the
moving grid.

In the case of growth, the initial condition is a simple step decrease in temperature
at the surface of the bubble and a uniform temperature distribution for the liquid
drop and the bulk phase. The surface temperature here corresponds to the equilibrium
temperature at the liquid pressure. In the case of collapse, however, we impose a
linear temperature distribution in the thin liquid film and a uniform temperature for
the bulk phase. This represents an approximation to the actual temperature
distribution at the time when the condensate has formed a thin film. The time span
for this initial condensation process is sufficiently small that any error caused by the
approximation does not seriously affect the time history. Also, from the growth
histories we see that for a low-conductivity film, in the final stages of bubble growth
it has a radially linear profile. This is partly because, for a thin film, convective
circulation is almost absent. This point has been noted earlier by Rushton & Davies
(1973) and Sadhal & Oguz (1985).

There is no particular difficulty in satisfying the boundary and interface conditions.
The continuity conditions at the 2-3 interface become a simple energy balance
equation (similar to the one used in the bulk phase) with a discontinuity in
conductivity.

3. Flow field

For this problem plotting the streamlines is more than just an observation of flow
patterns: we can actually get crucial information about the behaviour of the system.
We did not put arrows on the streamlines because the flow can be visualized in two
ways. For instance one way of looking at figure 3 is to imagine the collapse of the
bubble. In this case the uniform stream should be from right to left. On the other
hand we can also consider a growth; then the uniform stream should be from left
to right. By similar reasoning we can also consider the cases where the eccentric
position of the inner sphere is on the right-hand side in the drop. For instance, if we
had to reverse figure 3 with respect to the centre we would get streamlines covering
the case of a collapse with a uniform stream from left to right. The above reasoning
is valid owing to the generality of the solution. In other words, for cases in which
the inner sphere is off-centre towards the positive z-direction (i.e. both can be spheres
identified by negative values of £) we do not have to solve a new problem. The
calculation of drag forces in 34 also supports this argument.

In figure 4 streamlines showing various cases of collapse have been plotted. The
effect of the relative velocity V is very clear from the plots. For the case V = 0.2 and
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(@)

F1oUuRE 4. The effect of the relative velocity V for the case U =1, VIV = 0.2 with R =05, =0.5
and p,;/p, = 0.8. (2) V=02, (b) 0, (c) —0.2; and (d) V=—0.2 and V¥ = —0.2.
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Figure 5. Streamlines for the case of a bubble with its centre to the right of the outer sphere
centre: U =1, V¥ = —0.1 with B = 0.5, ¢ = 0.5 and gg/p, = 0.5. (a) V = 0.1, {b) 0, (¢c) —0.1.

V& = 0.2 the velocity on the left stagnation point of the bubble is zero and no strong
internal circulation is observed. Whereas in the case when V = 0 a cell appears on
the right of the bubble. It becomes larger when ¥ = —0.2 making the normal velocity
on the right stagnation point zero. For all of the above cases the location of the vortex
did not change significantly. For the same configuration in the case V(" = —0.2 and
V = 0.2 we get figure 4(d). Although no internal circulation is observed, it is clear from
the flow patterns that growth shifts the vortex from right to left in the case of a
uniform stream in the opposite direction.

Figure 5 shows the cases in which the internal circulation is in the thinner region
of the shell. Again from the streamlines for various values of V it is not difficult to
conclude that it is the direction of the radial motion of the interface that controls
the position of the cell. Finally figure 6 shows that as the eccentricity decreases, it
gives more room for internal circulation on the thinner side of the shell. In the next
section we derive the expressions for drag on each sphere and the force balance
equations involving the unknown velocities U and V.
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FioURE 6. The effect of changing eccentricity for the case U =1, V =—0.2, V¥ =—0.2,
R =0.5 and py/p, = 2.0. (a) € = 0.5, (b) 0.1.

4. Drag and translational velocities

The above solution is not complete unless we calculate the drag on each sphere.
Stimson & Jeffery (1926) derived the formula for viscous drag in a bipolar coordinate
system. But this formula is not valid if the series begins with n = —1. After some
lengthy algebra and by using the Symbolic Manipulator Program (SMP) we finally
arrived at the following general formula for viscous drag on each sphere identified
by positive values of §:

PP = _%[4‘4*({)_43*(04. 5 (A:(o+B:(i)+0:(t)+]_):a))], (58)

n=1

where F{2 is the viscous force on the outer sphere and F$ that on the inner one.

Since we neglect inertial terms, only viscous and buoyant forces will be considered
in the instantaneous force balance equations in the z-direction. The total viscous force
on each sphere has three parts. The first one is induced by the velocity U of the drop
and it is proportional to U. The relative velocity V of the bubble with respect to the
drop causes the second part of the viscous force and it is proportional to V. As long
as there is a non-zero eccentricity, expansion of the bubble contributes to the viscous
force in the z-direction. So the third part of viscous force is proportional to VV. With
the above considerations instantaneous force balance equations can be written as
follows:

outer sphere:

8 py R3;—ps(R3;— R33)1g = gty URyy+ By iy VRoy+ v, g Vgl) Ry (59)
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inner sphere:
33 By g = agpy URyy+ By iy VR +y 1, VIV Ry (60)

where a,;, #; and y, represent non-dimensional viscous drag components corresponding
to U, V and VY, respectively. The expressions for these components are given in the
Appendices. The densities of the respective phases are given by p;, and the
gravitational acceleration by g.

Before we solve the above system for U and V it is convenient to put the equations
in non-dimensional form. Since the radius of the drop changes we use the initial radius
of the drop denoted by R}, as a lengthscale. Then the force balance equations become :

outer sphere:

§1—p(1—R%)] = [ay U*+ B, V¥ -+, VIV*] (BY,/ Ryy)?, (61)
inner sphere:

dpR® = [a,U*+ f, V¥ +y, VIV*¥](RY3/ Ryy)?, (62)

where p = p,/p, and a reference velocity V., is defined such that
U* = U/ Vi (63)
V¥ =V/Vier (64)
Vir* = V0 Veers (65)
Vet = P2gRQ*/ 1. (66)

The solution of the above system of linear equations gives the instantaneous
velocities U and V.

The dimensionless drag coefficients a;, £, and vy, are plotted in figures 7 and 8 for
the outer and inner spheres respectively. In these plots a positive drag coefficient
represents a force in the negative z-direction. Here the sign convention for the unit
velocities is as follows: translational velocities are in the direction of negative z-axis
and radial velocities are in the direction towards the centre. It can be noted that
increasing viscosity and/or radius ratio always increases the magnitude of these
coefficients. The effect of increasing the ratio is that the liquid film in phase 3 becomes
thinner, thereby increasing the resistance to its internal circulation. This leads to an
increased drag. In the range covered by the graphs the coefficients did not change
sign. A careful observation shows that the coefficients y, (induced by radial velocity)
are odd functions of the eccentricity whereas the coefficients o, and §; (induced by
translational velocities) are even functions. Here we note that an outward radial
velocity of the inner interface creates a force towards the centre of the outer sphere.
This is probably the result of an increased pressure in the thinner region of the film
which may cause the inner sphere to move towards the centre of the outer sphere.
By the same token an inward radial velocity forces the inner sphere away from the
centre. However, this does not mean that outward radial velocity stabilizes the
configuration. From a purely geometrical argument, eccentricity increases with
bubble growth in the absence of relative translational motion between the bubble and
the drop.

At a given time and configuration the instantaneous velocity calculation involves
an iterative process for radial velocity. The radial velocity given by the solution is
then substituted into the force balance equations to calculate the translational
velocities U* and V*. Having found VV*, U* and V* the flow field is fully defined.
We further solve the convection—conduction equation by using a finite-difference
formulation. From the solution the total heat flow into the bubble can be calculated.
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In terms of the Jakob number,

_ cp(ﬂ - Too)
Ja=2— (67)
and Nusselt number Nu the normal velocity V{V* can be written as
R}
VO* = Ja Nu (&) (ﬁ) / Pe,. (68)
" py/ \Byy ?

The radial velocity found from the finite-difference solution is then substituted into
the force balance equations to close the iteration cycle. Convergence is reached when
changes in velocities are small enough. Since at any given time there is a non-zero
radial velocity and hence a continuously changing geometry we cannot talk about
the stability of any instantaneous equilibrium configuration. What we can do
however is to carry out a time-history analysis. Given an initial configuration and
initial parameters the time history of the compound drop can be studied. This is done
in the next section.

5. Time histories

The solution obtained above can be used to investigate the motion of the bubble
inside the drop. At a given time the velocities are known and the flow is fully
developed according to the quasi-steady assumption. To calculate the configuration
after an infinitesimal increment of time we simply have to integrate the velocities
with respect to time. By repeating this procedure we can get the time history of the
compound drop. We stop the process either when the bubble gets very close to the
outer interface or in the case of collapse when the radius ratio is sufficiently small.

As mentioned before we are using the initial radius of the drop as a length-scale
because it undergoes the least change. The procedure to calculate the configuration
involves three dimensionless lengths RY;, R}, D* to fully define the problem. Here
RY, = R,,/R},, R}, = R,,/R},, D* = d/Rj}, and d is the distance of the bubble centre
from the drop centre. If R{®)* R{®* and D™ * represent dimensionless lengths at time
n then R{BTV* R{R+D* and D"+D* gre given by

R§g+l)* — R(lg)*_l_ VS'I)* At*, (69)
R;;,ﬂ)* = Rgg)*_'_ ng)* At*, (70)
Dn+D® — Dm* L Pk Ap* (71)

where At* is a dimensionless inecrement of time and the dimensionless time ¢* is defined

a8 pr _ 1902 RSy
Hy

Here Euler’s formula of numerical integration was used for simplicity. Several runs
showed no drastic change in velocities except at the final stage of the collapse of the
bubble. We have obtained growth and collapse histories for various cases. The results
are discussed below.

(72)

5.1. Growth histories

The present analysis deals with cases in which the thermodynamic forces favour the
nucleation of a vapour bubble within the drop as opposed to the liquid-liquid
interface. The low-Reynolds-number assumption limits the results to situations with

5 ¥LM 179
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F1eure 9. Illustration of the evaporation of the bubble inside the drop. The sequences correspond
to the configuration of the compound drop at the time ¢* given under each one. In this case,
Hs/te = 2.0, pg/p, = 0.8, ky/ky = 0.2, ay/a, = 0.2, Pe, = 0 and Ja(p,/p;)/Pe, = 0.005.

small AT'. In such cases nucleation may be initiated for experimental purposes with
very dilute particulate additives.

Previous models and experimental observations of an evaporating two-phase drop
suggest the configuration of a bubble partially covered by its liquid phase. This has
been observed for both the high- and the low-Reynolds-number cases. The current
analysis has in fact showed this to be the tendency of such compound drops even
when the bubble nucleates within the drop. From the results we conclude that most
of the time the bubble reaches the outer interface favouring a partially covered bubble
configuration. Note that the growth of the bubble actually creates a force towards
the centre of the drop. But the purely geometrical effect of radial motion of the
interface is to increase the eccentricity. Between these two competing mechanisms
the radial motion is usually dominant. In addition to the radial growth of the bubble,
the translation of the drop creates a force in the upward direction regardless of
eccentricity. For this reason the initial position of the bubble inside the drop is very
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Ficure 10. The time history for the case p,/p, = 2.0, p3/p;, = 0.8, ky/ky = 0.2, a3/, = 0.2,
Pe, = 8.0 and Ja(p,/p,)/ Pe; = 0.005.

important for the subsequent behaviour of the configuration. If we begin with a
configuration of a bubble close to the top, then after a few time steps the bubble
reaches the outer interface. On the other hand, if we place the bubble at the bottom
we get the time histories described in figures 9 and 10 which show steady migration
from bottom to top. Similar sequences are obtained when we cut the evaporation rate
by half. But for this case the bubble stays longer inside the drop. It should be noted
that in general the initial bubble position is governed by the thermodynamics and
the fluid dynamics prior to nucleation. This prior history has not been taken into
consideration in the present analysis. Instead, the histories following a given initial
configuration have been obtained.

The dimensionless velocities of the above cases are plotted as functions of time in
figure 11. A sharp decrease in radial velocity is observed at the beginning of the
evaporation. The continuous increase of the translational velocity U is due to the
changing buoyant forces.

The relative velocity V drops considerably before the bubble touches the outer
interface 2-3. This is because the drag coefficients get larger in magnitude as the
eccentricity increases.

Nusselt number is plotted as a function of time in figure 12 (a,b) for growing

5-2
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Fi6URE 12. (a) Nusselt number as a function of time for initial Pe, = 0; (b) Nusselt number as a
function of time for initial Pe, = 8, here Nu, is the conduction part of the solution. (¢) Péclet number
as a function of time for case (b). (d) Eccentricity as a function of time for case (a) (Pe, = 0).

(e) Eccentricity as a function of time for case (b) (Pe, = 8).

bubbles. For the first case (a) the Péclet number is taken to be zero. For this case
a monotonic increase is observed for the Nusselt number. This is due to the decreasing
thickness of the liquid film resulting from growth. This observation is particularly
true if the film has a much lower conductivity than the continuous phase. For the
second case (figure 12b), we include convective terms with an initial Péclet number
of 8. On the same graph the pure-conduction part of the Nusselt number Nu, has
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Fieure 13. The time history for the case u3/p, = 2.0, py/p, = 0.8, k3/k, = 0.2, ay/a, = 0.2,
Pe, = 0 and Ja(p,/p;)/ Pe; = —0.01.

been plotted. Here the two solutions at each time step correspond to identical
geometrical configurations. Figure 12 (a), however, relates to a different sequence of
configurations because in that case the time history is taken to be governed by pure
conduction. In figure 12 (c) the Péclet number is plotted as a function of time for the
case in 12(b). Here we see a monotonic increase in Péclet number with time, largely
due to the increased buoyancy. In figures 12 (d, e) the eccentricities are plotted as
a function of time for the cases corresponding to figures 12(a, b), respectively. The
eccentricity is a measure of the distance between the centres of the inner and the outer
spheres as defined in (8). It is inferred from this plot that a steady motion of the
bubble relative to the drop takes place for moderate eccentricities. We discuss the
cases of bubble collapse next.

5.2. Collapse histories

Figures 13 and 14 show the sequences of bubble collapse starting with zero
eccentricity. In this case, when the heat transfer rate is high enough the bubble always
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FigurE 14. The time history for the case u,/p, = 2.0, py/p, = 0.8, ky/ky = 0.2, ag/a, = 0.2,
Pe, = 40 and Ja(p,/p;)/ Pe; = —0.01.

stays inside the drop until it finally disappears. Note that the radial velocity creates
a force out of the centre of the drop. But the relative translational velocity is not
high enough to lead to a partially covered bubble because of rapid shrinkage.

We examine the velocities in figure 15. The radial velocity is, of course, just the
reverse of the previous case. The velocity of the drop and the relative velocity of the
bubble decrease as the bubble gets smaller. This is simply due to the changes in
buoyant forces. In figure 16 (a, b) the Nusselt number is plotted as a function of time.
As in figure 12, the first case (a) represents Pe, = 0 and in the second one (figure 16b)
the initial Péclet number is 40. For the second case we also give the conduction part
of the Nusselt number for comparison purposes. As in the case of evaporation, the
radial convective terms work against conduction and decrease Nu. In figure 16 (c) the
Péclet number is given as a function of time for the case in figure 16 (b). It decreases
monotonically with time as the buoyancy-driven translational velocity decreases
with collapse. The variation of eccentricity with time for the cases in figures 16 (a, b)
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(¢) Eccentricity as a function of time for case (b) (Pe, = 40).

is given in figures 16(d, e), respectively. For both cases the eccentricity increases
from zero, reaches a maximum, and then starts to decrease.

6. Conclusion

The present analysis is restricted to bubbles completely covered by their liquid
phase. This situation can be a good model for the initial stages of the evaporation
of a drop or the final stages of the condensation of a bubble in an immiscible fluid.
The assumption of low Reynolds and capillary numbers limits the validity to small
compound drops. For the case in which the continuous phase is a liquid of high
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viscosity (such as castor oil at 40° C) we may allow the inner-sphere radius to be as
large as 1 mm in diameter. The outer sphere could be much larger under the
low-Reynolds-number approximation because the buoyant force is dominated by
the size of the gaseous inner sphere. The present work helps us understand the
mechanisms that control the configuration of compound drops in the case of change
of phase. Numerical and fluid-mechanical limitations restricted the problem to
moderate radius ratios. Eccentricity is kept within a reasonable range for compu-
tational purposes. .

In the case of growth our analysis shows that, in general, the bubble is driven out
of the drop owing to the buoyant forces. The viscous force generated by the radial
motion tends to restore concentricity but it is not large enough to hold the bubble
inside. The competing buoyant force is generally stronger in the case of growth. Also,
the thinning of the liquid film around the growing bubble does not allow the film to
sustain itself. As a result the vapour bubble may be left only partially surrounded
by its liquid. The growth history depends very much on the initial position of the
nucleating vapour bubble. The analysis for establishing the initial configuration is
somewhat more involved and was not carried out in the present development.

In the case of bubble collapse, however, we see that the tendency of the bubble
is to stay inside its liquid phase. This is primarily because the thinning, as in the case
of growth, does not take place for collapse. Furthermore the buoyant force gets
weaker as the bubble becomes smaller.

This analysis has exposed some fundamental aspects of the growth and collapse
of multiphase bubbles. The time histories of the bubble dynamics tell us about the
detailed behaviour of such multiphase systems and the effect of various physical
parameters on important quantities such as Nusselt number and the drag force. Our
future efforts will focus on other domains of multiphase drops and bubbles such as
the case of a vapour bubble partially covered by its own liquid.

The authors are very grateful for the support of this research from NSF Presidential
Young Investigator Award Fund (CBT 83-51432), TRW Systems, Inc. and the
Ralph M. Parsons Foundation.

Appendix A

The flow field induced by a uniform stream is calculated in this Appendix. The
stream functions ¥ and y{Y are given by

VOE ) = (coshE—cosy)—} T EW(E)CR, (cosy). (A1)

n=—1

The following special forms are chosen for Z#(£):

~(n-PE o (n+DHE
5113)(9=Ag[em—g)<5—5,a>_e<n+g><£—£n)]+”("+1)[(" - ° ’)

24/2 n—3% n+3
_("—%) (5“2523) _(n+%) (5_2523)
—<e _e )]3 (A 2)
n—3 n+3

ZB(E) = DY [Sinh (n—3)(£13—§) sinh(n+}) (513_5)] |

sinh (n—1) 4 sinh (n+3%) 4 (A3)
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The above forms satisfy zero-stream-function conditions at both interfaces and the
zero-shear-stress condition at the inner interface. By applying the rest of the interface
and boundary conditions the integration constants AY and DY are obtained:

AU
U “Z2
Dy=3%. (A4)
AU = Hs DY, (A 5)
My
nn+1), _ . _ _
where Al =—T(e (D be— o= (1P ),
2
45 = —Fn+% ,
2
7o n—1i _ n+3
" tanh(n—1)4 tanh(n+3)4’
4 =§3— &y
In terms of the above constants the drag coefficients «, and «, are given by
a, = —24/2 sinh §,, 8%, (A 6)
and o, = —24/2 sinh gzasg%, (A7)
2
where
) (n—DE —(n+h §
U _ (D Eay _ o—(n+D) rg U n(n+ 1)(6 23 e zs)
d SU [ o] e—(ﬂ-“}) 513 e_("’+§) 513 v
an 137 ,El —(sinh (n—1)4 sinh (n+§)A> "
Appendix B

The flow field created by the relative motion of the inner sphere is calculated here.
Related stream functions ¥{? and y{? are given by

YP(€, ) = (cosh§—cos7)~H 3 EP() O, (cos ). (B 1)

n=—1

The following special forms are selected for this case:

E(E) = Ax[e("‘%) =) —e(ntD) €—E)], (B2)
() = [smh 1) (E—£53) sinh(n4) (5—523)]
sinh (n —-H4 sinh (n+3) 4
sinh (n—}) (£, —£) _sinh (n+}) (§,,—§) sinh (n—1}) (£ —£,5)
+DV[ sinh (n—1%)4 sinh (n+3;3A ]+EY‘ sinh (7:—%)41 » (B3)

so that zero stream function at the outer interface is satisfied. The integration
constants are given by

v _ Mrt1) [e‘("‘%) £y e (ntd 513]

n 24/2 n—3 - n+3 (B 4)
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Cy = H(n—3) By + 1141, (B 5)
d v _ 4%
an Dn = A_g9 (B 6)
4y =tspy, (B7)
Mo

where TV = —ﬁ(—z'/—_;l—) e (" Dlusinh £,

v n—i v v

Ay =————5—E,-G,C;

"~ sinh (n -4

_1 3
n—jz n+3

and o= sinh (n—3) A sinh (mn+3H 4

The drag coefficients f, and g, are then given by

B =—21/2sinh§,, SY, (B8)
and B, = —24/2 sinh £, S;;’f, (B 9)
2
where Sy = X 2(e P Vs —e (D ls) 47
n=1
and
S = ; ( e_(”_]z‘) §os _ e+ &y > v
1B \sinh(n—1)4 sinh(n+3)4) "
( e_(n_%) 513 e_(n+%) 513 v e_(n—lz‘) 523
“\sinh(n—1)4  sinh (n+3) A) » " sinh (n—g)AEn '
Appendix C

The integration constants of the stream functions ¥{f are 4,,, B,, C,,, D,, and E,,.
We give B, and E, in the main text following (49). The rest of the constants are

n =%[(n_%)En+Tla]’ (C1)
A
Dn = A—Z):', (C 2)
1
An =':%2Dn _E(,%:_ )(1’23+(n—%)B”), (C3)
where
3 [(n+d) e Déu—(n—1) e D B
T3 =~ 2‘\/2[ sinh §13 —e—(n+2) e Slnh gla A,:| ’
3 (n+3) e—(n—g)g,a_(n_l e—(n+D £3) B2 B ) ,
Tea = _2'\/2[( ; sinh gza 2) ) —° (nﬂ) . sinh gzaB :I,
and

4 =—( nd_p___"d_p_g 0)+ Ba_ )1 +E2 -1 B,.
3 sinh(n—1)4""* tanh(n—1)4" " “* 7" . B u, ¥
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The drag coefficients y, and vy, are given as

¥y = —24/2 sinh £, 877 (C 4)
and vy =—2+v/2 sinh£,, S{’;{%, (C 5)
2
o0
where SVr=8A4*D4 ¥ e~ Pin_e Dln) 4 +2e- P B
n=1
and
—(n—1 — ¥ —(n—1
Si’a,. - SA*(3)+ E ( .e (n 2)523 _ .e ("+2)§za ) i .e (n 2)52:
n=1 \8inh (n—1) 4 sinh (n+3) 4 sinh(n—3)4™ "
( e~ (Pt e—(nHd g, e—(n—Déy 3
~\sinh (n—1)4 sinh (n+3) A) ”_sinh(n—é)A i
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